
NOTE ON GENT’S HYPERELASTIC MODEL

LIXIANG YANG,1,* LIBIN YANG
2

1PROCTER & GAMBLE, AND UNIVERSITY OF CINCINNATI SIMULATION CENTER, CINCINNATI, OH 45219
2SCHOOL OF INDUSTRIAL AUTOMATION, BEIJING INSTITUTE OF TECHNOLOGY, ZHUHAI, GUANGDONG, CHINA 519088

RUBBER CHEMISTRY AND TECHNOLOGY, Vol. 91, No. 1, pp. 296–301 (2018)

ABSTRACT

Gent’s model is explained by using non-Gaussian behavior of an individual freely-joint chain. The physical meanings

of two parameters in Gent’s model are shown to be a function of temperature and the number of bonds. Under certain

assumptions, the Gent’s model and Arruda–Boyce model will become identical. [doi:10.5254/rct-18-82631]

INTRODUCTION

Hyperelastic models are commonly used to model large deformation of elastomer, in which the

material response to the applied stress is path independence. There are plenty of phenomenological

models, such as the Mooney–Rivlin model, the Yeoh model, the Odgen model, and the Fung model.

These models are established without considering microscopic structures of elastomers. Based on

the structure of macromolecular network, the Gaussian behavior of the individual chains can be

found in polymers, which leads to the Neo–Hookean model. The Neo–Hooean model shows the

force is a linear relationship to free joint chain stretch when stretches are small. When stretches

increase, non-Gaussian behavior of individual chain may be used. Recent constitutive model

development on rubber elasticity concentrates more on the details of rubber network structures, for

instance, contribution of cross-links and elastically active entanglements to mechanical properties1

and consideration of tube geometry and constraint or reputation of chain networks.2 Recently,

Diani3 introduced directional laws into rubber elasticity. This provides another way to understand

rubber anisotropic properties. In this note, we pay more attention to fundamental behaviors of non-

Gaussian chains. The Arruda–Boyce model4 is based on non-Gaussian behavior and eight-chains

assumption. Gent’s model5 is also an interesting model that shows some similarity to the Arruda–

Boyce model. Both the Arruda–Boyce and Gent’s model are able to capture well the mechanical

behavior of rubber elastic materials for uniaxial loading and biaxial loading. The detail comparison

was given by Boyce6 and by Changnon et al.7 Interestingly, for both models, only two parameters

are needed. Their strain energy functions depend on I1 only, the first stretch invariant. However, the

physical meaning of Gent’s model is not understandable. The purpose of this note is to clarify its

physical background.

PHYSICS OF GENT’S MODEL

For non-Gaussian chain, the force and stretch relationship can be obtained as

hRi ¼ bNLðbÞ ð1Þ

where L(b), the Langevin function, is defined as

LðbÞ ¼ cothðbÞ � 1=b: ð2Þ

hRi is the average chain elongation, b is called the Kuhn length, and N is the number of bonds of an

equivalent freely-jointed chain. This equivalent chain has the same maximum end-to-end distance,
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Rmax, as the actual polymer.4 Therefore, bN¼Rmax. b is defined as fb/kT, where f is the extensional

force, T is the absolute temperature, and k is the Boltzmann constant.

For large extensional force, assume f� kT/b, Langevin function has a simple limit:

LðbÞ@1� 1=b; ð3Þ

which means Eq. 1 can be rewritten as

f

kT
@

N

bN � hRi : ð4Þ

The strain energy U can be obtained as

f ¼ dU
dhRi : ð5Þ

After integration, we get

U ¼ �NkTlnðbN � b
ffiffiffiffi
N
p

kchainÞ þ C; ð6Þ

in which hRi ¼ kchainR0 and R0 ¼ b
ffiffiffiffi
N
p

are used. If we assume eight-chain orientation in a

representative cubic space4 and let n be the number of equivalent freely-jointed chains in unit

volume, Eq. 6 can be recast to be

U ¼ �NnkTln bN � b
ffiffiffiffi
N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 þ k2
2 þ k2

3

3

s0
@

1
Aþ C: ð7Þ

Gent’s model5 can be otherwise written as

W ¼ �E

6
JmlnðJm � J1Þ þ

E

6
JmlnJm: ð8Þ

J1 is defined as the first strain invariant, k2
1 þ k2

2 þ k2
3 � 3. Jm is a constant that defines the

maximum value of J1 or describes that the molecular chain reaches the fully stretched state.

Therefore, for freely-joint chain, we may let

Jm ¼
3Rmax

b
� 3 ¼ 3ðN � 1Þ: ð9Þ

It should be noted that Eq. 9 is exactly the same as Eq. 18 in the article by Changnon et al.7 In their

study, the relationship of Eq. 9 can be obtained if the first derivative of strain energy with respect to

I1 approaches infinity for both the Arruda–Boyce model and Gent’s model. To proceed, let’s

substitute J1 and Jm into Eq. 8, so we can obtain

W ¼ �E

6
Jmln bN � b

ffiffiffiffi
N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 þ k2
2 þ k2

3

3

s0
@

1
A� Aþ E

6
JmlnJm; ð10Þ

where

A ¼ E

6
Jmln

3

b2N
bN þ b

ffiffiffiffi
N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 þ k2
2 þ k2

3

3

s0
@

1
A:

Since b is a very small value, A then becomes insensitive to the change of stretch length. For

example, let N¼ 100, b¼ 10�10, and kchain¼ 2.9; the difference between A and A1 ¼ E
6

Jmln 3
b is
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1.05%. Therefore, Eq. 10 can be simplified to be

W»� E

6
Jmln bN � b

ffiffiffiffi
N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 þ k2
2 þ k2

3

3

s0
@

1
Aþ E

6
Jmln

Jmb

3
: ð11Þ

Direct comparison of Eq. 7 and Eq. 11 shows

E ¼ 2NnKT

N � 1
;C ¼ E

6
Jmln

Jmb

3
: ð12Þ

Therefore, the small-strain tensile modulus E in Gent’s model is dependent on temperature and the

number of bonds of equivalent freely-jointed chain in certain volume. From Eq. 9, Jm is the function of

the number of bonds N but not temperature. The different behaviors from two parameters in Gent’s

model give nonlinear variations of strain energy function under different temperatures. Since Eq. 7 is a

special case for the Arruda–Boyce model, it will not be surprising that Gent’s model has almost

identical mechanical behavior as the Arruda–Boyce model under certain assumptions.6 Although

eight-chain configurations are assumed for both models, in Gent’s model, Jm and J1 are actually

related to the maximum and current mean square values of equivalent freely-joint chain, respectively.

In a reduced version of the Arruda–Boyce model, the difference between the maximum and current

average chain elongation is used for strain energy function. Therefore, we will see that these two

models have very similar mechanical behaviors under the assumptions made here.

EXAMPLE

In this example, the Arruda–Boyce model and Gent’s model will be compared. First, starting

with the Arruda–Boyce model, if the force and stretch relationship of a single non-Gaussian chain is

given by Eq. 1, the Gibbs free energy of this stretched chain can be written as8

UG ¼ �kTN ln 4psinh
fb

kT

� �� �
� ln

fb

kT

� �� �
: ð13Þ

Aided by Legendre transformation, Eq. 13 can be formulated to be the Arruda–Boyce strain energy,

where one of independent variables is changed from force to stretch. It is shown as

Uab ¼ �nkTN
kchainffiffiffiffi

N
p bChn þ ln

bChn

sinhbChn

� ln4p

� �
; ð14Þ

where bChn ¼ L�1 kchainffiffiffi
N
p

� �
: L�1 is the inverse Langevin function, and n is the number of equivalent

freely-jointed chains in unit volume. Here, Eq. 14 is consistent with Eq. 7 in the Arruda and Boyce

article.4

For the Arruda–Boyce model, the Cauchy stress for uniaxial tension can be written as

r ¼ nkT

3

ffiffiffiffi
N
p

L�1 kchainffiffiffiffi
N
p

� �
k2 � 1=k

kchain
; ð15Þ

where incompressibility is assumed and lateral free boundary is enforced. k is the stretch in tension

direction. Compared with five-terms Taylor expansion of the inverse Langevin function, Pade

expansion is more accurate. Here, for simplicity, a simple version of Pade expansion is used, written

as

L�1ðxÞ » x
3� x2

1� x2
: ð16Þ
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For incompressible materials, the first Piola–Kirchhoff stress or nominal stress will be the Cauchy

stress divided by stretch. For Gent’s model, the Cauchy stress for uniaxial tension can be written as

r ¼ E

3
JmðJm � J1Þðk2 � 1=kÞ; ð17Þ

where incompressibility is assumed and lateral free boundary is enforced. In this example, we let

nkT ¼ 1MPa and N ¼ 10, which are the numbers Boyce6 used in her article. Instead of using

parameters E¼3MPa and Jm¼42 that Boyce used for Gent’s model, Eq. 9 and Eq. 12 are used to

calculate E¼2.22MPa and Jm¼27. The comparison of these two models is shown in Figure 1a. The

behaviors of these two models are fairly close to the limit. Although we notice that E¼3MPa and Jm

¼42 are used in Boyce’s article,6 if these two values are used, two models are matched well only if

FIG. 1. — (a) The Arruda–Boyce model is plotted using Pade expansion with parameters nKT¼1MPa and N¼10, and

Gent’s model is plotted by using a natural logarithmic function with parameters E¼2.22MPa and Jm¼27. (b) The Arruda–

Boyce model is plotted by using Pade expansion with parameters nkT¼1MPa and N¼10 while Gent’s model is plotted by

using natural logarithmic function with parameters E¼3MPa and Jm¼42.
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the Arruda–Boyce model is plotted by using five-terms Taylor expansion for the inverse Langevin

function and Gent’s model is plotted by logarithmic function, shown in Figure 2b. However, if five-

terms Taylor expansion are used for both inverse Langevin function and logarithmic function, two

models will diverge at large stretch values, which is shown in Figure 2a. We also notice that two

models diverge even more when Pade expansion approximation is used for the Arruda–Boyce

model and logarithmic function for Gent’s model. The comparison is shown in Figure 1b. Our

explanation is that five-terms Taylor expansion is not an accurate approximation of the inverse

Langevin function as Pade expansion. When a free joint chain is stretched, it will finally reach a

limit, or the chain gets locked, which can be shown in the inverse Langevin function and Pade

expansion but not in five-terms Taylor expansion. In this example, the locked stretch is about 5.44,

shown in Figure 1a, where stress will go to infinity when stretch reaches locked stretch. But this is

not shown in five-terms Taylor expansion plots.

FIG. 2. — (a) The Arruda–Boyce model is plotted by using five-terms Taylor expansion of inverse Langevin function with

parameters nkT¼1MPa and N¼10, and Gent’s model is plotted by using five-terms Taylor expansion of natural logarithmic

function with parameters E¼3MPa and Jm¼42. (b) The Arruda–Boyce model is plotted by using five-terms Taylor

expansion, and Gent’s model is plotted by using natural logarithmic function with the same parameters.
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In the discussion by Changnon et al.,7 a relationship, e.g., Eq. 9, was given. But in their

example to fit Treloar’s data, this relationship is not used. Instead, E¼3nkT was used to make the

first term of Taylor expansion to match the Neo–Hookean constitutive relationship. We notice that

Eq. 6 in the article by Changnon et al.7 has a Jm difference compared with the original Gent’s

model.5 This may explain why they used different E values. Furthermore, if E¼3nkT is enforced to

make sure the model has a Gaussian chain behavior in a small stretch, there is no way to relate Jm to

the number of bond N. Then, the Arruda–Boyce model and Gent’s model will be very different in

large stretch values.

CONCLUSIONS

In this note, by using a simplified version of non-Gaussian behavior of individual freely-joint

chain and eight-chain assumption, we successfully correlate Gent’s model to the Arruda–Boyce

model. The parameters in Gent’s model were usually determined by curve fitting of experiments.

Now, their physical meanings become apparent and relate to material temperature and the number

of bonds of equivalent freely-jointed chains. The example illustrated here shows a very good match

between the Arruda–Boyce model and Gent’s model. It also demonstrates that the parameters in

Gent’s model cannot be selected arbitrarily. Their physical meanings are shown in Eq. 9 and Eq. 12.
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